Abstract. In this paper we study dominant rational maps from a very general hypersurface X of degree at least n + 3 in the projective (n + 1)-space P n+1 to smooth projective n-folds Y . Based on Lefschetz theory, Hodge theory, and Cayley-Bacharach property, we prove that there is no dominant rational map from X to Y unless Y is uniruled if the degree of the map is a prime number. Furthermore, we prove that Y is rationally connected when n = 3 and the degree of the map is a prime number.
Introduction
Galois theory implies the absence of nontrivial normal subfield between the splitting field K of a polynomial f (x) and Q( √ D) if f (x) ∈ Q[x] is a general polynomial of degree ≥ 5 and D is the discriminant of f . On the other hand, if X is a smooth complex projective variety of general type then dominant rational maps of finite degree X Y from X to smooth varieties of general type, up to birational equivalence of Y , form a finite set. The proof follows from the approach of Maehara [13] , combined with the results of Hacon and McKernan [7] , of Takayama [15] , and of Tsuji [16] .
Motivated by abstract Galois theory and this finiteness theorem for dominant rational maps on a variety of general type, we study dominant rational maps from a very general complex hypersurface X d of degree d ≥ n + 3 in P n+1 to a smooth projective n-fold Y . Firstly, we propose a conjecture: Here a projective variety is rationally connected in the sense of Campana and Kollár-Miyaoka-Mori, if two general points are connected by a rational curve (cf. [8] ). We consider 'rationally connectedness' because this assumption fits well with birationality and the induction argument on the dimension.
Our approach to prove Conjecture 1.1 is to use an inductive argument through the following conjecture. Conjecture 1.2. Let X d ⊂ P n+1 be a very general hypersurface of degree d ≥ n + 3. Let Y be a smooth projective n-fold, which is non-uniruled. Let 
Z be a maximal rationally connected fibration (MRC) in the sense of Campana and Kollár-Miyaoka-Mori (cf. [8] ), where Z is smooth and nonuniruled (cf. [5] ).
If Y is non-uniruled, Conjecture 1.2 in dimension n and Conjecture 1.1 in dimension n − 1 imply that the f -images in Y of the H d , which cover Y , is rationally connected; thus Y is uniruled, a contradiction.
Hence Y is uniruled. So dim Z < dim Y . Since H d is an ample divisor on X d , our f maps a general H d , to a rationally connected subvariety on Y first, and further onto Z. Thus Z is rationally connected too. So Z, being nonuniruled, is a point. Equivalently, Y is rationally connected. This proves the proposition.
The main result of this paper is to prove Conjecture 1.2 and to gain a partial result for Conjecture 1.1 when the degree of map is a prime number. 
When n ≤ 2, Theorem 1.4 (3) is known without assuming deg f is prime (cf. [10] ). To prove the above main theorem, we consider the restriction map
where H is a very general hyperplane of P n+1 . For Conjecture 1.2, we are able to prove a special case as follows, which is sufficient for us to deduce Theorem 1.4. Theorem 1.5. Let X d be a very general hypersurface of degree d ≥ n + 3 in P n+1 . Let Y be a smooth projective n-fold, which is non-uniruled. Let
Note that a projective variety Y is non-uniruled if its Kodaira dimension κ(Y ) ≥ 0. The converse is true if the abundance conjecture is true. The abundance conjecture is known when dim Y ≤ 3 (cf. [9, 3.13] ).
Several papers treat dominant rational maps from surfaces [1] , [2] , [6] , [10] , [11] , [12] . But as far as we know this paper treats the first examples of fields of transcendence degree n of a non-uniruled n-fold for n ≥ 3. This could have applications to field theory and to absolute Galois theory.
The method of proof combines Hodge theory, Lefschetz theory, and some birational geometry.
By Hodge theory (as Section 3.5 in [6] ) one has only to consider dominant rational maps f : X Y where Y is simply connected and without holomorphic global n-forms, that is p g (Y ) = 0. Then the points of the general fiber of f are in Cayley-Bacharach position with respect to O(d − n − 2) (cf. [6] ). Hence we have p ≥ d − n. Then by inspecting the ramification divisor of f we get a contradiction if Y is non-uniruled and f | H d is birational to the image.
The method presented here can be used to obtain similar results for a very general families of n-folds of general type. It is not clear at the moment how to treat the cases where the Kodaira dimension satisfies 0 ≤ κ(X) ≤ n − 1. For instance the case where X is a very general quintic threefold in P 4 needs a different approach.
In this paper we work over the field C of complex numbers.
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Proof of Theorems 1.5 and 1.4
We begin with the lemma below. We will also use the notation of this lemma in proving Theorem 1.5. Proof. Choose a special Lefschetz pencil |H(t)| (t ∈ P 1 ) of X d , with H(t) ∼ H d (Lefschetz pencil means that every member is irreducible and has at most one node) such that:
(i) the base locus of |H(t)| intersects the indeterminacy locus of f at a closed set of dimension ≤ n − 4 (where n = dim X = dim Y ), and
(ii) the base locus of |H(t)| is an irreducible smooth projective (n − 2)-fold, and the f -image of this base locus is an (n − 2)-fold in Y .
Let H(i) (i = 0, ∞) be two very general members of |H(t)| and let
Let V 1 → X d be the blowup of the indeterminacy of the rational map f : X d Y . Let V → V 1 be the blowup of the base locus of the pencil on V 1 which is the pullback of |H(t)|, so that we get a free pencil
We have maps:
Clearly, the base locus of the pencil |H Y (t)| contains f (D) where
We write the base locus of this pencil as 
which is a proper transform of some H(t) (resp. H Y (t)).
We note that if
Since every fiber of V → B V is mapped to a fiber of W → B W and hence contracted to a point on B W , the composition V → W → B W factors as the composition of V → B V and a finite morphism
by the rigidity lemma (cf. [4, Proposition 1.14]). The above factorization implies the existence of a generically finite morphism from V to the normalization W × B W B V of the fiber product W × B W B V so that the composition
is just the morphism f V W : V → W , and the composition
(whose main components are proper transforms of members of |H(t)|), we have
The lemma follows.
We now prove Theorem 1.5.
Step 1. By Lemma 2.1, we may and will suppose the contrary that
is a birational map, and will deduce a contradiction late on (thus concluding the proof of the theorem). We will use the notation in the proof of Lemma 2.1.
So, with the notation of Lemma 2.1,
Step 2.
. Now we calculate: 1 = C V .V b 1 , and by the projection formula,
So p being prime implies C W .W b 2 ∈ {1, p}. For an arbitrary fiber W b ′′ of W → B W , by the choice, our C W meets only the "main" component W m b ′′ of the fiber which is the proper transform of a member of the pencil |H Y (t)|, and which is the image of the "main" component
Step 3. Since deg(π : B V → B W ) = p, the ramification divisor R π has deg R π = 2p − 2. If π has two totally ramified points with (maximal) ramification index p, then P 1 ∼ = B V → B W ∼ = P 1 is p-cyclic Galois, so
acts birationally on V . Note that X d is the canonical model of V : the map V → X d is birational, X d has only canonical singularities (indeed smooth) and, by the adjunction, the canonical line bundle (1) by Matsumura and Monsky [14] , since X d is a very general hypersurface of degree d ≥ n + 3 in P n+1 .
Step 4. Thus we may assume that π : B V → B W has at most one totally ramified point. So we may assume that the ramification divisor (of π)
where s i is the ramification index of π at a point P i ∈ B V over the point
, with s i < p, and
Let m i be the coefficient of the main component in the fiber W Q i , which is in {1, p}; thus gcd(s i , m i ) = 1. So locally, over the main component of the fiber W Q i of W → B W , the normalization W × B W B V (around its fiber over P i ∈ B V ) is just the normalization of the hypersurface
with t i the local coordinate of Q i ∈ B W . Thus the main component of the fiber
since R f V W contains the sum of (s i − 1) of the main component of the fiber V P i which is the proper transform of some member in the pencil |H(t)| (t ∈ P 1 ). Since the Picard number ρ(X d ) = 1, the pseudo-effective divisor
On the other hand,
Step 5. Proof. We prove by induction on n. Theorem 1.4 (3) and hence the whole Theorem 1.4 is known when n ≤ 2, without assuming deg f being prime (cf. [10] ). So we assume n = dim
We have only to prove the assertions (1), and (2) (which implies the assertion (3)). Let f : X d Y be generically finite between n-folds as in the statement. Let
Let Y Z be a maximal rationally connected (MRC) fibration where Z is smooth and non-uniruled (cf. [5] ). Let
If Y is non-uniruled, by Theorem 1.
uniruled. This is a contradiction. Thus Y is uniruled; we may also assume Y is not rationally connected. Hence 1 ≤ dim Z ≤ dim Y − 1 = n − 1.
Note that the composition
is a dominant and generically finite map. Thus q(Z) ≤ q(H d ) = 0. If dim Z = 1, then q(Z) = 0 implies that Z ∼ = P 1 , contradicting that Z is non-uniruled. So dim Z ≥ 2.
If deg(f H d ) is a prime number then Z is uniruled by induction, which is contradiction.
Suppose deg(f H d ) is a composite number. Then Theorem 1.4 (2) holds. Indeed, if dim Z = 2, then by Theorem 1.1 in [10] , Z is rational which is a contradiction. So suppose further 3 ≤ dim Z ≤ n − 1. The Hodge theory implies p g (Z) = h dim Z (Z, O) = 0 (cf. Section 3.5 in [6] ) because we have a dominant rational map from a very general hypersurface of degree d ≥ n + 3 in P dim Z+1 to Z where dim Z ≤ n − 1.
Suppose deg(f H d ) = 1. Then both
with all H i , H ′ i very general hyperplanes in P n+1 , are of general type (by adjunction), are birational to each other (and to Z), and are also the canonical model of Z: both have only canonical singularities (indeed smooth) and ample canonical divisors, so they are isomorphic to each other, by the uniqueness of the canonical model of Z. This is absurd.
This completes the proof of Theorem 1.4.
